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PropagatIOn of shock waves in earth's atmosphere 
By V, p. SINGH 
De!e.".e Soience La/Jorafary, Delhit 
( Received 28 JUly 1969 ) 
A plane shock wave as it propagatt!s vertically upward In the Static atmosphere of earth 
is studied. Varintion of Mach number and velocity of the ihock IS obtained analytically 
by using Whitham's Rule. It is found that shock velocity increases as the Bhock propugates 
in o.n ntmosphere with decreasing density normal to the plane of the shock front. 
INTRODUCTION 
Problem of propagation of shock waves in non-uniform medium with 
various density' distributions has been discussed by different authors, 
such as, Kopal (1956), earrus ,( al (1951), Grover & Hardy (1966). These 
authors have used the technique of similarity solutions and have found 
the behaviour of the fluid flow in the presence of shock waves. 
Applying Whitham's method (1958) to the propagation of sbock waves 
in a non-homogeneous medium, Bhatnagar & Sacbdev (1966) have obtained 
the differential relation between tbe Mach number, pressure and density. 
Tbis differential equation was integrated numerically for different stellar 
models. 
In the present paper we have also used the Whitham's rule and dis. 
cussed the problem of propagation of sbock Waves in tbe earth's atmos-
rhere. With minor cbanges the experimental data for temperature distribu-
tion given by Mitra (1952) has been used. It is assumed tbat the gravity is 
varying as 
( 110 ' 00 = gr -) Ro +Xo ... (1) 
wh~re (f, is the value of go at the surface of the eartb, Ro is the radius 
of the earth and Xo is the vertical distance from tbe surface of the earth. 
Using different temperature distributions of the earth's atmosphere, tbe 
variation of the Mach number of the shock is obtained. In the latter part, 
the results ate combined to nnd the variation of shock velocity as the shock 
propag.tes in the atmosphere. Variation of shock velocity is shown in 
figure 1. It is found that the sbock velocity increas8S as the sbock propa-
gates into the medium wbicb becomes rarer and rarer with the distance 
measured from the surface of the earth. 
As t~ sbock velocity increases with the distance, high velocity of the 
sbock causes the fluid velocity to be greater than the escape velocity in 
t P, ..... t addr ... : r.,mlnd BaUIa,;c a ... .,ch I..aboratory, ClllllldIS.,h. 
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the upper atmosphere. But at such a height, the density of the fluid is so 
small that very small quantity of the fluid e,capes from the earth's gravity. 
This study of the .tmosphere i, ,omewhat approximate, partly because 
the temperature variations in the atmosphere are not exactly what we have 
considered, partly because the method used is appoximate. Moreover 
the effects of magnetic field, turbulent motIon of gases in the atmosphere 
and solar radiatIons, which have not been taken into acount, are disturbing 
the atmosphere. But in all, this study leads us to a physical picture of 'he 
shock wave propagation in the atmosphere of the earth. 1\. 
FORMULATION OF THE PROBLEM 
We as,ume that there is an intenoe explosion at the surface of the eartnl 
due to which a strong shock wave propagates m the atmosphere. As the 
radius of the earth is very large in comp.rision to the height of the atmos. 
phere, therefore it can be assumed that the layers of the atmosphere are 
planer and the path of shock wave is one dImensional. Takmg x-axis to be 
normal to the surface of the earth, let I'" p" T" g, and )'" Po, Til, Yo 
be pressure, density, absolute temperature and acceleration due to gravIty 
at the surface of the earth and at a distance Xu from the surface" The gra· 
vity go at a dIStance "'0 is assumed (Mirra 1951) to be as given in equation. 
The pressure variations in equilibrium conditions is given by, 
dpo ____ ~ dx 
ii, - Rt', 0 ... (2) 
where R is the gas constant. We take 't a standard constant, having 
dimensions as mverse of a distance, "' 
"'=~ RT, 
and 11, p, p, x, t, and g as the dimensionless fluid veLocity. pressure, density, 
distance, time and acceleration due to gravity, as 
where 
u = I'/Y"o'o, ,P = T'o/p" p = Po/p, , x = "'Xo, 
R = 'tRo, t = ",c,to and y = ao/a, VY 
os" = ')Ip,/p, 
... (4) 
as 
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The equations of motion in dimensionless parameters can be written 
a'~_+u~~+pa!= 0 
al a:/1 a:l: 
~+ vaUt !...ap+(_?!..)'=o 
01 ax p oz x+z 
Goo (pp-') + vi (pp-') = 0 at .a", . 
... (5) 
When the shock produced on the earth reaches a distance z = r 
where v, 1', p, are the fluid velocity, presure and density and if II"p" Po, 
are the values of 10, 1', p, behind the shock front, Rankine-Hugoniot 
relations are given by, 
where 
and 
1,,(r, t) = 20 {M - M-'} 
(,,+1) 
p,(r, t) = (Y1f5 ' (M) •. (6) 
P (r t) = (1'+ l)pMI 
• , geM) 
f (M) = {2M' _ "~ I} 
geM) = {2 + (f - 1)M'} 
c· = 'YP/P. 
•• (7) 
We apply Whitham's Rule to the flow paramaters behind the shock 
n·ont. Equation of motion along the positive characteristic axis, just 
behind the shock front is, 
-tip, + Pi-,rJ.", + t,c,. (~)'dr = 0 .. (8) 
1£+0 ll+r 
Substituting values of parameters VI, p, and r, from relations (6) and (7) 
in rclation (8), we get after some simplifications, 
21(M' + 1) heM) + 2M'} 1 + f (M) r + 2(MB-l)1I(M) ~ 
+( R )' (" + 1)'M1h(M)dr _ 0 i+----; c'{2(MI-l)+l'rtg}- ... (9) 
Where C is the dimensionless sound velocity and r is the distance of the 
.hock front from the surface of the earth. The equation (9) gives the 
~Iation ~tw~ ¥, 11 alld c, If t1!e absolut~ ~mperat\lre Is given, one 
522 V. P. Singh 
can find pressure from equation (2) and M can be calculated from the 
relation (9). 
Now the atmosphere can be adiabatic or isothermal or the temperature 
may be monotonically increasing or decreasing in it. Therefore, the 
relation (9) has been discussed for different cases. 
AmABATIC ATMOSPHERE 
The atmosphere of the earth is extremely transparent to the radlatiqns 
from the sun, and is hardly heated by it. Thus almost all the radiati6n 
from the sun falls on the surface of the earth. The radiation falling ~n 
the surface of the earth is reflected back to the atmosphere in the fork 
of infrared rays, The infrared rays are absorbed by the carbon dioxide an~ 
water vapour in the lower part of the atmosphere. Thus near the surfac~ 
of the earth, the temperature falls rapidly with the height. This rapid fall 
produces instability in the density of the atmosphere and thus there are 
strong air currents in this region. They stabilize the fluctuations in the 
temperature. As the rate of conduction of heat in the gases is very small, 
therefore an adiabatic equilibrium condition is set up. This state occurs 
in the troposphere. For adiabatic atmosphere the dimensionless pressure,' 
density, temperature and sound velocity are given as, 
Y 
_ II ~ ](Y-Il 
R+z 
I 
_ ilx J(1=1) 
R+x 
T =[l_L~ 1 il:zJ 
c· = yp/p, 
... (10) 
Substituting the value of p and c from (10) into (9), one get. after some 
simplifications at :Il = r, 
2 dM (R/(Ji + r))1 
Ai rrr = K,(M) [ _ 1 Or ] 1-"-- --
y R+r 
where, 
K,(M) = K1(M) + ,,- 1 K,(M) 
" 
.. (11) 
.. (12) 
l 
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{ f (M)- J~ + 1)'/yM'h(M) } (2{M'-I) holy + 91 
KI(H) - 1\7If'l-l)hTMft2M')-- , .. (13) 
2( ,1/ '-I )nCM) 
K.(M) = HM'+I)h(M)t2Ml) 
From the numerical computations it is found that variation in KI(M) 
and K,(M) and therefore in K,(M) is small for values of M greater than 3. 
Therefore for the purpose of integration, we can take Ks( M) outside the 
integral sign while integrating equation (11). 
Integrating relation (11) between r = 0 to r = r one gets, 
_yK,(M) 
[ y-l IIr ] 2&=1) M=M. 1- ---
y 1l+r 
and hence the shock velocity U can be obtained as, 
-(Y&-1)12 
U = ';;;M.[I- y-! _:...Itr ] Y-l 
Y Rt. 
,,(14) 
.,,(15) 
The relations (14) and (15) give variation of Mach number and shock 
velocity in an adiabatic atmosphere. It lS observed from these expressions 
that the adiabatic atmosphere is monotonically decreasing only for 
yR 
r< ---- or < 21 = J.5, for r = 1.4, It is also observed that 
(y-l)R-y - y-
Mach number and shock velocity increase as r increases from 'era to 3.5. 
At r = 3.5, there is discontinuity, meaning that the atmosphere is unstable. 
ISOTHERMAL ATMOSPHERE 
In case there are no external forces acting on the atmosphere, there 
will be no motion of the air. Since conduction of heat from one part of 
the atmosphere to the other is slow, in the absence of the external forces 
the atmosphere will attain uniform temperature after sufficient length of 
time. If PI be uniform dimensionless temperature, PI the pressure at 
• '" x" the pressure at a distance x, X~XI' is given by, 
P = PI exp ( - RI(x - "'ll/PI(l1 t xl)(li + xli ... (16) 
substituting the value of p in equation (9), one gets at x = t, 
1 dM 
iM"'F= 
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Integrating (17) taking K,( 11) to be constant for the purpose of integrating, 
it is easy to get, 
M =: .1f, exp { RIK, (M)(r - 'I) 
2P, (1/ + r,) (11 + .) ••• (18) 
and the shock velocity as, 
U"" U, exp { 
II'K,(M) (r -: '1) } 
ZP, (1/ + ',) (R + r) .;.\19) 
where M
" 
U, are the Mach number and the shock velocity at r = 'I. \ 
" 
MEDIUM WITH MONOTONICALLY INCREt.SlNG TEMPERATURE 
In the upper atmosphere, ultraviolet rays of the 5un cause some of 
the air to ionise, which combines with oxygen and forms ozone. Ozone 
is found at the height of 10 km to 15 km from the surface of the earth. 
It absorbs the heat of the sun and thus the atmosphere is heated by it. 
The heat absorbed up to the height of 30 km is negligible, but beyond 
30 km the temperature of the atmosphere starts increasing. Here ga; is 
much rarefied. If ~ is the rate of increase of temperature per kUometer, 
P, the temperature at a distance x" the beginning of the hot layer, we have 
T = T. + } - (x - "',) 
• • . .'1', ... (20) 
The dimensionless pressure at a distance :t, from the surface of the 
earth is, 
where, 3= 8p ,H,=H+Z"X=:t-x" 
" . 
} (21) 
Substituting dp 
P 
and ~ from, (21) and (20) respectively, into (9 
c 
we get, 
.. ~ dM =~\~+ 8K.(M) 
M dr (T, + 8r)(il, + r)' 2(T, + 8T) 
".(!!) 
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ntegrating (22) between r = r, to r =0 " we get, 
~ 
M = M,{ B,(P, + Dr) }2(llt& - T,)' {P-, ±!~}-K'14 
P,(1i, tr) p. 
x exp{ U'K, i } 
21i,(R, + r) (7',-lf, 8) 
... (23) 
The relation (23) gives the variation of Mach number in hot layer. The 
shock velocity is obtained as, 
U = v'ylrf(T, + Brl''' .. (24) 
The hot layer extends from 30 to 50 km from the surface of the earth. 
THE GENERAL PROBLEM 
From the results so far discussed, One can find the variation of the 
Mach number and the shock velocity, when the shock propagates in the 
atmosphere of earth. We have considered a model in which the tempera-
ture decreases adiahatically from x, = 0 to "', = 10 km. Then it becomes 
constant until the height of 30 km is attained. Between 30 km to 
50 km the temperature increases with gradient 5.5'K per km, K being the 
absolute temperature. From 50 to 55 km, temperature again remains 
constant and then upto 78 km it decreases with temperature gradient 9'K 
per km. Beyond this height it is assumed that the temperature increases 
continuously with temperature gradient 3.25'K per km. (Kolobkov 1960). 
We assume that the shock wave propagates in the above mentioned 
atmosphere with initial Mach number 4 at the surface of the earth. The 
variation of shock velocity is computed f,.om relation (15) for adiabatic 
atmo'l'here, from (19) for isothermal atmosphere and from (23) and (24) 
{or atmosphere with increasing temperature and is shown in figure \. It 
can be seen that the shock velocity increases as the shock propagates in 
the decreasing density medium. The variation of shock velocity is slower 
in isothermal medium, but is sharp in the rest of the medium. It is 
concluded that the variation of shock velocity mainly depends on the 
density of the medium and increases as the density decreases, and is not 
much effected by the variation of the temperature, 
ESCAFE 0' GASES FROM ATMOSPREaE 
When th~ shock moves in the gaseous medium, the auld behind the 
shock is also set in motion. ~ If the ~uid velocity Is geeater than the escape 
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Figure 1. Variation ofthe shock velocity in the a.tmosphere. 
velocity of the gas particles, the particles will escape the earth's gravitation 
and go into space. The escape velocity of the fluid particles is,givcn by, 
• 2uRa tlB=---- --
(R + r) 
In figure 2 we have drawn the fluid velocity behind the shock and escape 
velocity versus distance from the surface of the earth. It is found that 
the fluid velOcity is greater than the escape velocity at a distance r = 10. 
But at such a height the density of the air is very small and the amount 
~~--------------~~ 
.. 
10 
1114111 "Ill~ 
DIITANCE It 
~i8ure 1. V.rlatID~ of the fluid velocity behind tho shock ftont in t~ •• tmoiph"e. 
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of the gas escaping in the space is negligible as compared to the huge mass 
of the atmosphere. 
CONCLUSION 
Although the model considered is idealized yet it leads us to some 
significant results. It is found that the strength of the shock goes on 
increasing as the atmosphere becomes rarefied. In Isothermal part, the 
increase in shock velocity is small but is large in layers in which the tem-
perature decreases. Above 78 km of height, we have assumed temperature 
to be increasing. In this region the shock becomes stronger and stronger 
as It propagates upwards. In ionosphere the gas is much rarefied and is 
ionized too. Is this region ftuid velocity becomes greater than the escape 
velocity, so that some of the gas escapes from the earth's gravitation, 
though the amount of the gas escaped is vety small as compared to the 
whole mass of the atmosphere. 
Beauty of the method considered in this investigation is that it can 
be applied to the more complex problems of the earth's atmosphere. The 
method used is simple, although a bit approximate. By this method it is 
possible to get analytic relations for the Mach number and the shock 
velocity, which was not so easy by the earlier methods. It can be directly 
seen that Mach number and the shock velocity are variables, not constant 
as uhown in references. (Bhatnagar & Sachdev 1966 ; Carros 1951 ; Kopal 
1956). 
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